ON THE INDEPENDENCE POLYNOMIALS OF PATH-LIKE GRAPHS

PATRICK BAHLS

ABSTRACT. We investigate the independence polynomials of members of various infinite families
of path-like graphs, showing that the coefficient sequences of such polynomials are logarithmically
concave.

1. INTRODUCTION

In many ways the study of independence polynomials mirrors the older and more well-established
study of chromatic polynomials. Both polynomials are known to yield a good deal of information
about the graph from which they are derived, and so structural aspects of these polynomials
(degree, behavior of coefficients, location of roots, etc.) are active subjects of research. Levit and
Mandrescu [2] offer a relatively recent and robust overview of the current research on independence
polynomials.

Our goal in this paper is to show that the graphs obtained by certain inductive path-like con-
structions possess independence polynomials with particularly nice structure.

Let G = (V, E) be a graph with vertex set V' and edge set E. Recall that an independent set
S in G is a set of pairwise non-adjacent vertices. The independence number of G, a(G), is the
cardinality of a largest independent set in G. The independence polynomial of G, denoted I(G;x),
is defined by

a(G)
I(G;z) = Z sz’ = so 4 s12 + sox? + - + sa(G)xa(G),
k=0
where si, is the number of independent sets with cardinality k.

We say a polynomial p(z) = > 1 a;z" is called logarithmically concave (or log-concave) if for all
i, 1 <i<n-—1,a?>a;_1a;+1. A polynomial is called unimodal if the sequence of its coefficients
satisfies ag < a1 < --- < aj > aj41 > -+ > a, for some j, 0 < j < n. It is trivial to show that
if a polynomial is log-concave then it is unimodal. For a fixed natural number n the binomial
coefficients ((?))?:0 give what is probably the best-known example of a log-concave sequence.

The following fact from [2] will be useful:

Proposition 1.1. Suppose that every root of the polynomial p(z) = >_1 ja;x’ (a; > 0) is real.
Then the sequence (a;/ (")), is log-concave. (As a consequence, (a;) itself is log-concave.)
We now define the graphs which we will study; they are special cases of the graphs considered

in [1]. Given n > 1 and t > 2, we define the K;-path of length n to be the graph P(t,n) = (V, E)
in which

V = {u1,09, 00, Vpsn_1} and E = {{vi,uiﬂ-} l1<i<t+n-2 1<j<min{t—1t+n—i— 1}}.
2000 Mathematics Subject Classification. 05C69.

Key words and phrases. independence polynomial, logarithmically concave, log-concave.
1



2 PATRICK BAHLS

Such a graph consists of n copies of Ky, each glued to the previous one by identifying certain
prescribed subgraphs isomorphic to K;_1.

Now suppose that G = (V,E) is a graph and let U C V be a subset of its vertices. As in
[1], let v € V and define the cone of G on U with vertex v, denoted G*(U,v) (or G*(U), if v is
understood), by

V(G*(U,v)) =V U{v} and E(G*(U,v)) = EU {{u,v} | ue U}.

Given G and U as above and a graph I', we denote by I'V(G, U) the graph obtained by forming
a cone of G on U with vertex v for every v in I'. Furthermore, if G = (V,E) and U CV, G - U
denotes the subgraph of G induced by V' \ U.

Theorem 1.2. Let G = (V,E) and U C V. Let b(z) = I(G;x) and ¢(x) = I(G — U;x), and
suppose that deg(b) = deg(c) + 2, c|b in Z[z], and that all roots of b (and thus c) are real. Then
foranyt>2 andn > 1, popceu(z) = I(P(t,n)V(G,U);x) has only real roots and is therefore
log-concave.

Example. As a special case, let t = 2 and let s > 2 be a fixed integer. The graph P(2,n)V (K, —
e, V(Ks — €)) is obtained by attaching a copy of the graph K — e to each vertex of the path
P, 41 with n + 1 vertices. (The graph corresponding to n = 6 and s = 4 is shown in Figure 1.)
Since b(z) = 2% 4 sz + 1 and c(x) = 1 satisfy the hypotheses of Theorem 1.2, the independence
polynomials of these graphs are log-concave.

FIGURE 1. The graph P(2,6)V(Ky —e, V(K4 —¢))

As a consequence of Theorem 1.2, every one of the above independence polynomials will be
unimodal, but indeed the author and Salazar have already proven unimodality for these and yet
more general graphs in [1]. On the other hand, Theorem 1.2 will apply to a very large number of
graphs that are not addressed by the former paper (see Section 4).

The proof for the case t = 2 will differ slightly from the proof in cases ¢ > 3, and so we will
consider it separately in the following section. In Section 3 we prove the cases in which ¢ > 3, and
in Section 4 we describe some of the specific classes of graphs to which this article’s results apply.

2. THE CASE t = 2

We now fix the graph G = (V, E) and the vertex subset U C V. Let b(x), c(x), and pt,(z) =
Pn,cu(z) as defined in Section 1. For now we will write p,, for pa ,; our goal in this section is to
prove that every root of p, is real, for n > 1, thus proving Theorem 1.2 for the case t = 2.

In order to compute p,, efficiently, we apply the lemma below, which can be found in [2].
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Lemma 2.1. LetI' = (V, E) be a graph and letv € V. Then I(I';z) = I(I'—v;z)+2I(I' = N[v]; z).

Remark. The proof of Theorem 1.2 in all cases will hinge upon the fact that under that theorem’s
hypotheses, we may inductively assume that the roots of the two polynomial terms on the righthand
side of the recurrence in Lemma 2.1 will give rise to d intervals on which these terms differ in sign,
where d is the degree of the lefthand side, I(I';x). Thus I(T';z), as the sum of the two terms, will
have precisely one real root on each of these intervals, showing that every root of I(I';x) is in fact
real.

The following result now comes easily, where we let B = deg(b):

Lemma 2.2. p; = b+xc, p2 = bpy +xcb, and p, = b(pp—1+xcpy—2) forn > 3. Thus deg(p,) = Bn
for allm > 1.

Proof. The formulas for p,, are easily proven by induction on n. The base cases n =1 and n = 2
follow from direct computation, while the inductive step follows from an application of Lemma 2.1
to one of the terminal vertices of the path underlying P(n,s). The degree formula too is easily
proven inductively. O

Let f and g lie in the polynomial ring Z[x] and let m > 0 be an integer. We say that f™ ezxactly
divides g (denoted f™|g) if f™ divides g in the ring Z[z] yet f™*! does not. Clearly b°||p; and
b||p2, and an easy induction leads to the following fact:

Lemma 2.3. Let n > 1. Then b"/2||p,,.

We let ¢,(z) denote the polynomial p,/ bl"/2] Lemma 2.3 leads to easy recurrence formulas
involving g,,:

Lemma 2.4. ¢4 = p1 = b+ xzc and ¢ = b+ 2xc, and

_ gn—1+ zcgn—2 if n is even,
= bgn_y + zegn_o if nis odd,

for alln > 3.

Proof. The base cases are checked by direct computation. Both cases for n > 3 follow easily as
well; we prove the first, and the second is proven analogously.
Let n be even. By Lemma 2.2, p,, = b(pn—1 + xcpp—2), so Lemma 2.3 implies

big, = b(b%Qn—1 - xcb%qn—2) = b7 (qn_1 + 2Cqn_2).
Canceling b2 from both sides gives us qn, = qn—1 + Tcqy—2, as desired. O
The following lemma is analogous to Lemma 2.3:
Lemma 2.5. Let n > 1. Then c/™/?1||q,.

Proof. The base cases of Lemma 2.4 show that c|lg; and c[/g2, and an easy induction gives us the

remaining cases, applying the recurrence formulas from Lemma 2.4. Indeed, if n is even, then

Gn = qn—1 + xcqp_o, where ¢ exactly divides the first summand ["T_lw = 5 times and the second

n_—21 n

summand 1 + [%5=] = Z times as well. Thus ¢!Z1)|g,. The case in which n is odd is proven

analogously. 0
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Let r,(x) denote the polynomial ¢,/ cl21. The following is proven in exactly the same manner
as was Lemma 2.4:

b

Lemma 2.6. r =} + 1z, ry = % + 2z, and

b

Tn1+ xrn_o if n is even,
Ty = e
" rp_1 4 xrp_o if nis odd,

for all n > 3.

Since the roots {v1,...yp} of b are assumed real, and since c|b implies that every root of ¢ is
a root of b, to show that all of the roots of p, are real we need only examine the roots of r,.
Regarding these we will prove the following

Proposition 2.7. Let n > 1. Then every root of ry is real and distinct.

Proof. Note that since deg(py,) = Bn,

st = in 812 - -9 = m gy 150+ 25 =, R

By hypothesis the polynomial % is a quadratic polynomial with positive coefficients and real roots,

which are necessarily negative. Knowing this it is easy to show that r| = % + x and ro = % + 2x
likewise have real roots.

Suppose now that we have shown all roots of r; are real and distinct for k£ < n, some n > 3. We
will also make the following additional inductive hypotheses:

(i) If £ < n — 2 is even, then the k + 1 roots {aq,...,a,0} of xry and the k + 2 roots
{B1, ... Br42} of rgr1, when listed in order by decreasing modulus, appear as

B, o, --'75?&%75%,5%7@%,5%7 vy Oy Breg2, 0.

Moreover, the roots v+ of IE’ satisfy Bri2 < v— < v4 < Bhta.
2 2

(ii) If & < n — 2 is odd, then the k + 2 roots {ay,...,ag+1,0} of zry and the k + 3 roots
{81,y Prr3} of %Tk+1, when listed in order by decreasing modulus, appear as

B, o, --.,5%,04%,5%,5%7@%75%7 vy Oy 1, P43, 0,

where Bris = v— and Brys = y4 are the roots of g.
2 2

Case 1. Suppose n is even, so that r, = r,_1 + zr,_o. Here deg(r,—1) = n is even and 7,1
has n distinct real roots, deg(xr,—2) = n — 1 is odd and xr,_9 has n — 1 distinct real roots, and
the roots appear as in the additional hypothesis (i) above, with k& = n — 2. The roots therefore
determine the intervals

(=00, 1), (B 1) oes (@n2, Ba), (B s Bug2), (Brgz, az), ooy (@n—2, On), (Bn, 0)-

Since all of the roots are distinct, both r,,_1 and xr,,_s change signs at each root and it is thus not
hard to see that these two functions have the same sign on the precisely following intervals:

(B 1), (B2, 02), oy (Buz s ins2), (By, Bug2), (ay, 0

7LJ2r4), ceey (Oén_g, /BTL)
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Thus r, = 1,1 + zr,_2 cannot have a root on any one of these intervals. However, for the same
reasons 1, will have a root on each of the remaining intervals,

(_Oovﬁl)7 (alvﬁ2)7 () (a"§27ﬁ%)7 (ﬁ7”2r2 ) OZ%), ) (ﬁn—lyan—2)7 (ﬁna 0)

There are n such intervals, so there must be n roots, all distinct from one another, as desired.
Moreover, the locations of these roots (along with those of b) satisfy the inductive hypothesis (ii)
above, relative to the roots of xr,_1.

Case 2. Now suppose n is odd, so that r,, = grn_l + x7r,_o. Here deg(grn_l) =n+11is even and
%rn_l has n + 1 distinct real roots, deg(zr,—2) = n is odd and zr,_5 has n distinct real roots, and
the roots appear as in the additional hypothesis (ii) above, with k¥ = n — 2. The roots therefore
determine the intervals

(_Oovﬁl)v (ﬁlyal)v ) (a%’ﬁ%“)’ (ﬁ%vﬁ#)) (ﬁ#va%“)y ey (an—laﬁn—l—l)a (ﬁn—i—ho)'

Since all of the roots are distinct, both ng—1 and xr,_o change signs at each root and have the
same sign on some intervals and opposite signs on others. The intervals on which the signs differ,
and therefore on which roots of r, lie, are

(_oo7ﬁ1)7 (a17ﬁ2)7 ) (a%’ﬁ%“)’ (ﬁ#va%“% () (ﬁna an—l)a (ﬁn—i—lyo)-

There are n + 1 such intervals, so there must be n 4+ 1 roots, all distinct from one another, as
desired. Moreover, the locations of these roots ~y; satisfy

Yopr < Bup =7 <4 = Bugs < Y,
as needed, and clearly satisfy the inductive hypothesis (i) above, relative to the roots of zr,_;. 0O

Theorem 1.2 now follows immediately by applying Proposition 1.1, since we now know that every
root of p, is real. That is, every p2 . ¢u (with G and U as above) is log-concave.

3. THE CASE t > 3

We now consider the more general case, t > 3. Fixing G = (V,E) and U C V, we let p,, =
p(t,n,G,U). Let B = deg(b) as before, so that deg(c) = B — 2. We will prove Theorem 1.2 for
t > 3 by inducting on n, showing that every root of p;,, of real.

We begin with the following recurrence formulas:

Lemma 3.1. Letn > 1. Then
(i) p11 =b+zc and bpy_1,1 + xcb'™t, and
(ii) fort >3,
~ bpiper et T,y i 2<n <t
Ptn = { bpt,n—l + wat_lpt,n_t ift+1<n.
In any case, deg(ptn) = B(t +n—1).

Proof. The formula for p;; follows from direct computation. For p; 1, t > 2, apply Lemma 2.1,
letting v be any one of the vertices of the single K;. The remaining formulas (for n > 2) also follow
from Lemma 2.1, applying it to the terminal vertex v = vy in the K;-path underlying P(t,n).

The purported degree formula follows easily as well. Consider first n = 1. Clearly deg(p1 1) =
deg(b + xzc) = B, as needed. Suppose we have shown deg(p;—1,1) = B(t — 1); the first recurrence
formula gives pi1 = bpi—1.1 + zcb' L, so deg(pi1) = max{Bt, Bt — 1} = Bt, as needed.
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Suppose we have proven the degree formula forn —1, 1 <n—1<t—1(so 2 <n <t). The
second recurrence formula, p;, = bpgn—1 + :ECbt_lpn_l,l, gives

deg(prn) = max{B+B(t+n—1-1),1+B-2+B(t—-1)+B(n—-1+1-1)}
max{B(t+n—1),B(t+n—1)—1}
= B(t+n-1),
as needed.
Finally, suppose we have proven the formula for n — 1, t < n —1 (sot + 1 < n). The third
recurrence formula, p; ., = bpp—1 + xcbt_lpm_t, gives

deg(ptn) = max{B+B(t+n—-1-1),1+4B—-2+B(t—-1)+B(t+n—-t—1)}
= max{B(t+n—-1),B(t+n—1)—1}
= B(t+n-1),
as needed. O

The following is an easy consequence of Lemma 3.1:
Lemma 3.2. Suppose bo‘(t’")Hpt,n. Then a(t,1) =t —1, and if t > 3 then

(t.m) = t+n—1%] -2 if n=0,1 mod ¢,
alt,n) = t+mn—[%] —3 otherwise.

Proof. As in the proof of the degree formulas, consider first n = 1. Note that «(1,1) = 0, and if
we assume inductively that a(t —1,1) = (t — 1)+ 1 — |2 | — 2 =t — 2, then the first recurrence
formula of Lemma 3.1 shows that b*~! (and no higher power of b) divides p; 1, so a(t,1) =t — 1,
as needed.

Now suppose t > 3 and the formula for a has been proven forn—1,2 <n—1<t—1 (son <t).
Then biHt+(—D-l(n=1)/t]=3 — pt+n=3 {iyides the first term of the righthand side of the second
recurrence formula in Lemma 3.1, and bt~ 1+ (=D+1=11/(n=1)]=2 _ pt4+n=3 {ivides the second term
as well, as needed. (Note that if n =1¢, [2] = 1, so the formula a(t,n) =t+n—-3 =t+n— %] -2
obtains.)

Now suppose that n > t+1, n = 0 mod t. Arguing as in the previous paragraph, ptn—L(
divides the first term in the third recurrence formula from Lemma 3.1, and o' L(n=/t1=3 divides
the second. Since |21] = |2Zt] = |2] — 1, a(t,n) =t +n — |2] — 2, as desired. A similar
argument holds for n > ¢+ 1, n = 1 mod ¢, where now even though L”;lj = [ %], our inductive
hypothesis guarantees that btTn—L(=1/t]=2 — pt+n—[n/t|-2 {divides the first term in the recurrence
formula, and thus all of p; .

Finally, suppose n >t + 1, n # 0,1 mod ¢t. Now L”T_lj = | %], so the computations performed
in the previous paragraph show that the maximal power of b dividing p; 5, is that dividing the first
term in the righthand side of the third recurrence formula, namely bt7—L(n=1)/t]=3 — pt+n—[n/t]-3

This completes our proof. O

n—1)/t]—3

As in the previous section, let g, = pr.pn/ pe(tn)

Lemma 3.2 implies that for ¢ > 3,
[ B([%]+1) ifn=0,1mod¢,
deg(gin) = { B([%]+2) otherwise.

We also have enough information for us to develop recurrence relations defining the polynomials
qtn:
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Lemma 3.3. For allt > 1, q;1 = b+ txc. Moreover, fort > 3,
(i) if2 <n <t, then

bgi1 +xcqry if n =2,
qt;n = .
Gt;n—1 + xcqn—1,1 otherwise,
and
(ii) if n >t + 1, then

| bgtp—1 +xcqrp—t if n =2 mod t,
e = Qt,n—1 + xCqyp—t Otherwise.

Proof. Note p1,1 = q1,1 = b+ zc. From Lemma 3.2 it follows that p; 1 = bt_lqm, and thus the first
recurrence formula of Lemma 3.1 gives

b g = pe1 = bpi—1g FachT =g g+ wedtTh

Factoring out b'~! and canceling this term gives the desired formula for the polynomial g ;.
For (i), suppose n = 2. Lemma 3.2 gives p;o = bt_qu,,z, and the second recurrence formula of
Lemma 3.1 gives
pr2 = bpiy+xchipy g
= bV lgs +ach T g
= b7 (bg1 + zeq ).
Equating these two formulas for p; » and canceling the common term b~! gives the desired formula.
Now suppose 3 < n < t. Again Lemma 3.2 gives p;, = b“'"_?’qm7 while now the second
recurrence formula of Lemma 3.1 gives

Ptn = bpt,n—l + bet_lpn—l,l
= b- b8 g+ aed T 2,10
= V3 (gun—1 + xCqn—1,).

Once again equating the two formulas for p; , and canceling bttn=3 gives the desired formula.
If n =t, we have p; ¢ = b 3q, = b* 3¢, and
pe = bpri—1+achTipq14
= b bt+t_l_3q1t7t_1 + xcbt_lbt_2qt_171
= b2t_3(Qt,t—1 + xeqi—1,1).
Equating and canceling as before gives the desired formula.
For (ii), consider n > ¢ + 1. We prove the lemma in the case n = 0 mod ¢; the remaining cases
are proven analogously. Applying Lemma 2.5, we have p;,, = prtt=ln/ tJ_th,n and
Pton = bpgn—1+ bet_lpt,n—t
b- bn—1+t—(|_n/tj—l)—3qt o1+ xcbt—lbn—t-i-t—(\_n/tj—1)—2qt et
— bt+n—[n/t]—2qt o1+ rebttn—In/t]-2
bt+n_[nm_2(%,n—1 + xcqrn—t)-

qtn—t

Throughout we have used the fact that [271] = |2-t] = |2| — 1. Equating and canceling as
before, we obtain the desired recurrence involving the polynomials q. O

As in the previous section we now reduce the complexity of our polynomials once more by
dividing out as many powers of ¢ as we can from each ¢ .
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Lemma 3.4. Lett >3 and n > 1, and suppose ®“™ | qy,,. Then B(t,n) = 272 + 2.

Proof. The formulas in (i) of Lemma 3.3 give c|/q1, and since [1=2] +2 = —1+2 =1, the lemma
is true in case n = 1.

Since the formulas in (i) of Lemma 3.3 give ¢;2 = bg:1 + xcqi,1, and since c|b, the previous
paragraph shows that c2||qt,2. Assuming the lemma true for n — 1, 2 < n—1 <1t — 1, consider n
(where 3 <n <1t): ¢t = Gtn—1 + TCqn—11 and c?||g:n—1 together imply that c?| g, as well.

Now @t t+1 = @it + CGt.1, SO 62\|qt7t+1, as needed; however, q; (12 = bg:+ + xcg: 2, and since c|b,
C3Hqt7t+2, also as needed.

At last, assume inductively that the lemma is true of n — 1, n — 1 > t + 2. Consider n. If
n = 2 mod t, ¢n = bgtn—1 + xcqin—t. By inductive hypothesis ¢ divides into bg;,—1 exactly
1+ B(tn—1)=1+ 22| +2=|22] +2 times, since |272] = 22| — 1. Meanwhile, ¢ divides
into xeqy -+ exactly 1+ L”_THJ +2= L”T_2j + 2 times as well, proving the formula for n.

The argument in the case n Z 2 mod t is entirely analogous, using instead the recurrence
Gt;n = Qtn—1 + TCqp—t- U

Let us now define 7, = q¢.n/ Ptn) Using our degree formulas for ¢, and Lemma 3.4, we
obtain degree formulas for r;,, akin to those for g p:

) 2(l3+1) if n=0,1modt,
deg(ri,n) = { 2 gL%J + 2; otherwise.

We can also develop recurrence formulas for ry ,:

Lemma 3.5. Forallt>1, ry1 = IE’ +tx. Moreover, fort > 3,
(i) if2 <n <t, then

Tip = %'f't,l + Ty ifn= 2,
" Ttm—1+ 2rp—1,1 otherwise,

and
(ii) if n >t +1, then

Tpm = %Tt,n—l +axryp—¢ if n=2mod ¢,
" Ttm—1 + X7y p—t otherwise.

We are finally ready to examine carefully the location of the roots of r;,, much as was done in
the previous section for ¢ = 2. From this point on ¢ will be fixed, so we let r,, = r;, and let 74+ be
the two real roots of %’.

First note that the roots of the quadratic polynomial r| = % + tx are easily shown to be distinct

—a1—t++/(a1+t)2—4as

2a2 ’
where the discriminant (a; + t)? — 4ay is positive. Moreover, from this it follows that the 3 roots
{aq, 2,0} of ry; and the 4 roots {51,032 = v—,03 = V4, 04} of %7‘1, when listed in order by
decreasing modulus, appear as

real numbers. For instance, if % = apx® + a1z + 1, then the roots of | are

ﬁla a17627ﬁ37042vﬁ47 0.

As in the proof at the end of Section 2 we see that xr; ; and %7‘1 have opposite sign on the intervals

(=00, B1), (a1, B2), (B3, a2), (B4, 0),
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so by the first recurrence formula from Lemma 3.5 79 has 4 distinct roots, one on each of these
intervals. A nearly identical argument applies to show that the roots of r, are real and distinct
whenever n < t.

Now let n > t be fixed and suppose we have shown all roots of r; are real and distinct for all
k < n. As before we make the following additional inductive hypotheses:

(i) fk<n—t k=2modt, let s = deg(ry) = 2| %] + 4. Then the s + 1 roots {ar, ..., s, 0}
of xry and the 2L%J +4 = s+ 2roots {,..., Bsy2} of %rkth_l, when listed in order
by decreasing modulus, appear as

ﬁl)ah "'aﬁ%vCX%)ﬁ%)ﬁ%)a%vﬁ#v -..,Oés,ﬁs+2, 0,

where Bs+2 = y_ and Bsta = y4 are the roots of %.
2 2

(ii) Ifk <n—t, k #Z2mod t, let s = deg(rg) = 2L§J +2. Then the s+1 roots {aq, ..., as,0} of
xry and the s+2 roots {1, ..., Bs+2} of rg1—1, when listed in order by decreasing modulus,
appear as

ﬁl)ah"'aﬁ%vCX%)ﬁ%)ﬁ%)a%vﬁ#v--->a87ﬁs+270'
Moreover, Os+2 < V- < Y4 < Bst4.
2 2

There are two cases to consider, depending on whether or not n = 2 mod t. We prove only one
of these cases, as the proof in the other case is nearly identical.

Suppose n = 2 mod t, so that Lemma 3.5 gives r,, = %Tn_l + xr,—¢. Inductively all roots of r,_1
and r,_ are real and distinct, and by the additional inductive hypothesis (i) (with k =n —t) we
know the roots of %rn_l and xr,_; determine the intervals

(_Oovﬁl)7 (ﬁlyal)v ) (a%7ﬁ%)v (ﬁ%vﬁ#)) (ﬁ#)aé‘;Q% ceey (asaﬁs+2)a (ﬁs+27 0)7

where s = 2{"7_@ + 4. Since all of the roots present are distinct, both %rn_l and xr,_; change
sign at each root, and it is easily seen that these polynomials have opposite signs on precisely the
following intervals:

(_007/81)7 (041,/82), seey (Oﬁ%,ﬂ%), (5#,&5«52), ceey (584—17 as)a (584—270)’

Therefore r, will have a single root on each of these s 4+ 2 intervals, and all of these roots are
distinct. Moreover, the location of these roots, along with the roots v+ of IE’, satisfy the inductive
hypothesis (ii).

We have shown that all roots of 7, are real, and thus so are all roots of p; , .. At last we have
finished our proof of Theorem 1.2: each of the independence polynomials p; ,, ¢, is log-concave,
following an application of Proposition 1.1.

4. EXAMPLES

We now describe one general means of constructing a variety of connected graphs G = (V, E)
with U C V whose independence polynomials satisfy the hypotheses of Theorem 1.2.
Let G = UF_,G; be the disjoint union of graphs G;, with U = UF_,U;, U; C V(G;), and let
H = UleHi, Hz = Gz — Uz (Thus H=GG- U)
Suppose the following conditions are met:
(i) For all i = 1,..., k, I(G;;z) has only real roots,
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(i) there is a permutation 7 of {1,...,k} such that for all i = 1,...,k satisfying H; # 0,
Gn(z) = HZ‘, and
(iii) if G = H UG’ then deg(I(G';x)) = 2.

Let b(z) = I(G;z) and c(x) = I(H;z). Obviously (i) implies that b(xz) = Hle I(Gi;x) and
c(x) = Hle I(H;; z) have only real roots, and (iii) implies that deg(b) = deg(c) + 2. Moreover, (ii)
implies that c|b in Z[z]|. If U; # 0 for all i = 1, ..., k, P(t,n)V(G,U) will be connected.

For example, let m = (my, mo,...,my) and 4 = (uq,us,...,ux) be k-tuples of natural numbers
such that the number 0 appears in m — 4 = (mq — u1, me — ug, ..., My, — uy) exactly twice, and each
remaining value appears at most as many times as it does in m. Letting G; = K,,,, and U; C V(G;)
such that |U;| = u;, the three conditions above are met. To be precise,

k k
b(x) = H(mzzn +1) and c(z)= l_I((mZ — )z +1).
i=1 =1
Note that although Theorem 1.2 guarantees the polynomials p; , ¢,v(z) are log-concave and there-

fore unimodal for all n > 1 and ¢t > 2, these polynomials are far from symmetric. Figure 2 shows
P(3,6)V(G,U) for m = (5,5,3,2,1) and @ = (2,3,3,1,1).

AN AN AN
MY M\A MY M\A MY M\A
/N

)

‘zﬂik ‘zﬂfk ‘zﬂfk
MWy A0V WY
A VA VA

FIGURE 2. The case m = (5,5,3,2,1) and 4 = (2,3,3,1,1)

A similar construction involves graphs G; whose complements G; are triangle-free. If G; has no
triangles, then a(G;) < 2, s0 I(Gy;x) = agx®+arx+1, where a1 = |V(G;)| and ag = |E(G;)|. Note
that if a1 > 2,/ay the roots of I(Gj;x) are real. Appropriate selection of U; C V(G;) will ensure
conditions (ii) and (iii) above are met, guaranteeing that each polynomial p; ,, ¢ ¢ is log-concave. A
very special case of this construction was given in the introduction, in which k =1 and G; = K, —e
(s > 2) so that a; = s —1 and ag = 1. A more general case is shown in Figure 3, in which k = 3.

Even more complicated classes of graphs involve graphs G whose components have yet higher
degree, so long as care is taken to ensure that the polynomials I(G;;z) have only real roots.
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Ficure 3. P(3,6)V(G,U) for G; = K4 —2e, Go = K3 —e, and G3 = Ky — e
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